We prove existence of a new representation of the 2D non-commutative harmonic oscillator in an isotropic commutative phase. We also explain the existence of a different, anisotropic, commutative phase as a result of an explicit breaking of the spherical symmetry of the non-commmutative system. The effect of non-commutativity in the new phase, induces energy levels splitting of the isotropic quantum oscillator.
Recent results obtained in the framework of non-perturbative string theory [1] , [2] , have boosted the interest for a deeper understanding of the role played by non-commutative geometry in different sectors of theoretical physics [3] . Inclusion of non-commutativity in quantum field theory [4] has been approached in two different ways: via Moyal star-product [5] , or defining the field theory on a coordinate operator space [6] . While formally well defined, the operator approach offers little help for explicit calculations which are usually performed perturbatively by taking into account the additional vertices induced by the Moyal star-product. In order to get deeper understanding of the way in which non-commutativity affects physical systems one feels more comfortable in first trying to understand the role of non-commutative geometry in simple, first quantized systems, which are exactly solvable and represents the basis for the second quantization [7] . The main difficulty encountered in these attempts is a choice of a suitable quantization procedure. This choice is strictly related to a problem of a proper definition of the momentum operator when the configuration space coordinates do not commute. Different approaches have been adopted to solve this problem. One of them is based on two independent (mutually commuting) sets of non-commutative coordinates [9] ; another approach uses Wigner-Weyl-Moyal extension of ordinary quantum mechanics [10] which gives the same results in [8] obtained by an ad hoc redefinition of non-commutative coordinates. All these attempts have the same goal to properly set the path for the quantization of the non-commutative system. We shall follow an approach in which the set of non-commutative coordinates x i , p i is expressed as a linear combination of a canonical set α i , β i . In our view it is the simplest way to avoid the difficulty of a proper definition of the quantum momentum operator since it expresses non-commutative variables in terms of the canonical variables of ordinary quantum mechanics. Noncommutativity will, however, pop up in redefinitions of various parameters, as well as, through possible new terms in the Hamiltonian of the commutative system. We shall start with a general redefinition of non-commutative coordinates in arbitrary dimension. As an explicit example we shall apply the general approach to the case of a 2D non-commutative harmonic oscillator. The main result of our work is the existence of a new, so far unknown, isotropic phase of the non-commutative 2D harmonic oscillator. In our view, this new phase is even more natural than the previously discovered anisotropic phase since the starting non-commutative Hamiltonian is spherically symmetric. Finally, we shall explain the origin of appearance on two different phases of the noncommutative system.
In order to illustrate the general procedure we start with the Hamiltonian of the harmonic oscillator in N dimensions:
For simplicity we have chosen the non-commutative oscillator mass and frequency to be unity. Coordinates and momenta satisfy commutators
with Θ kj and B kj antisymmetric matrices characterizing generalized noncommutativity of the phase-space geometry, ( we have chosen system of units with = 1 ). Thus, the system described by (1) and (2), (3), (4), represents an non-commutative harmonic oscillator. It is clear from the above commutators that the momenta cannot be expressed in terms of derivatives with respect to (non-commutative) x k , which emphasizes the problem of quantization mentioned earlier. The procedure we are adopting consists in defining linear transformations from the non-commutative set ( x i , p i ) to a commutative set of canonically conjugate coordinates ( α i , β i ) satisfying
Relation between the two sets of coordinates are expressed as
where, a , b , c , d are N ×N transformation matrices. Inserting above redefinitions in the Hamiltonian (1) one finds the equivalent commutative Hamiltonian as
One notices the appearance of the mixed term in conjugate coordinates which is induced by non-commutativity of the original coordinates. This term will have an important role in different phases of the model. Before going into details of a particular model one needs to determine the conditions that the transformation matrices should satisfy in general. These conditions will have to guarantee the preservation of the commutators (2), (3), (4) and (5), (6), (7). They are written in matrix form as
Equations (11), (12), (13), in principle, determine the structure of the transformation matrices. In order to illustrate in details how the above described procedure works, let us apply it to the case of a 2D non-commutative harmonic oscillator. The number of equations following from (11), (12), (13) for N = 2 is six ( in general it is N (2N − 1) ). On the other hand, the number of unknown elements of the transformation matrices is sixteen ( N 2 ). Θ and B are anti-symmetric matrices which in 2D have a simple representation as
In order to determine the transformation matrices, one has to match the number of parameters with the number of equations. At this point we assume diagonality of a and c as a
j . Equation (13) enforces that diagonal elements of the matrices b and d must be zero. Thus, we are left with 8 unknown and six equations. Therefore, more equations are needed in order to solve the system. Additional equations can be recovered by requiring that the mixed term in (10) be zero. This leads to
which gives 2 additional equations. Now we are able to solve the system. The solutions of the complete set of equations can be sought by the following ansatz
where, t , n , p , q are numbers that can be take values ±1. The reason for their introduction will be clarified later on. Equation (13) imposes condition on these parameters as
The complete set of solutions is given by
Inserting the above solution in the Hamiltonian (10) one finds
The Hamiltonian (28) is the representation of a non-commutative 2D harmonic oscillator in terms of 2D commutative, anisotropic, harmonic oscillator. We shall name this description "anisotropic phase". The above result clarify the need for parameters n , t , p , q which permit to consider the complete range of values of the non-commutative parameter B, assuming θ > 0. In fact, the square root in (22) requires n t ( 1 − B θ ) > 0, which leads to two different regions: n = t = 1, B < 1/θ, and n = −t = 1, B > 1/θ. Our results agree with [8] where the two different regions are described as κ > 0 and κ < 0. At this point, we would like to prove the existence of a new, isotropic phase of the same 2D non-commutative harmonic oscillator that has not been reported so far. As we have shown the complete solution for the transformation matrices can be obtained starting with four independent parameters. The anisotropic phase is produced by imposing relations (16), (17), (18), (19). Let us choose the matrices a and c to be still diagonal but with a single eigenvalue a and c reducing the number of free parameters by half. This choice allows removal of conditions (16), (17), (18), (19). Thus, matrices b and d, have to be chosen anti-symmetric
in order to maintain unaltered the total number of free parameters. The equations (11), (12), (13) give in this case
The above set of equations solves three out of four parameters as
where, we have to assume κ > 0. The above solutions reduce equation (13) to
Thus, (40) cannot be used to determine the remaining parameter a, as it was the case in the isotropic phase. To eliminate reader's doubts we anticipate our results and assert that the remaining parameter a will disappear from the physical quantities such as energy spectrum. Remaining arbitrariness turns out to be harmless. Equation (40) instead of solving a imposes relation between the two parameters characterizing non-commutativity of the system. Our intention is to work in full generality and therefore we shall not impose any relation between B and θ. We shall drop the condition (15) and keep the mixed term in the Hamiltonian (10) which turns out to be
One can recognize (41) as the Hamiltonian for the commutative, isotropic, 2D harmonic oscillator with additional term proportional to the two-dimensional angular momentum L = ǫ ij α i β j . The term "angular momentum" is appropriate since α i , β j are a pair of conjugate variables of ordinary quantum mechanics. Thus, the set of solutions (37), (38), (39) transforms the original non-commutative harmonic oscillator into an equivalent commutative isotropic harmonic oscillator. This is newly discovered isotropic phase of the non-commutative harmonic oscillator in 2D. This result maintains the spherical symmetry of the starting non-commutative Hamiltonian, contrary to the anisotropic phase.
To complete our discussion let us find out the spectrum of the above Hamiltonian. As we have discussed above, the angular momentum piece will be kept, since we are not making the particular choice θ + B = 0 [10] . In fact, the presence of a term linear in the angular momentum is the reminiscence of the non-commutativity of the Hamiltonian we started with and thus it is important for understanding of non-commutative effects. The quantization of (41) follows the usual procedure based on the Correspondence Principle β k → −i ∂/∂α k . Schroedinger equation for the stationary states reads
Since Hamiltonian (44) is spherically symmetric, it is appropriate to work in polar coordinates. In this new coordinate system the Schroedinger equation reads:
Now, we are on the safe ground of ordinary quantum mechanics with the Schroedinger equation which permits separation of variables in the wavefunction. We find it convenient to introduce the following redefinitions
where m is the "magnetic quantum number" of the angular momentum operatorL in (47) that takes only integer values. The wavefunction is of the form
where, the radial wavefunction Z(z) is subject to the equation
Equation (51) admits solutions in terms of Generalized Laguerre Polynomials as
where, N is the proper normalization constant and n r is the radial quantum number. The spectrum of the system is found to be
with quantum numbers taking values n r = 0 , 1 , 2 , . . ., m = 0 , ±1 , ±2 , . . ..
Using the definitions (42), (43) one finds the frequency in the isotropic case to be
Equation (55) displayes the independence on the arbitrary parameter a of the spectrum, as promised, and simply corresponds to a harmless (global) rescaling of the radial coordinate. We would like to stress an important property of the formula (54). At the first glance one may think that the ground state is degenerate, but, we shall shortly prove that this is not the case. For this purpose, let us introduce a different set of non-negative quantum numbers n + , n − [11] . In terms of these numbers, the radial and magnetic quantum numbers are written as
and the spectrum turns out to be
which, clearly, exhibits the uniqueness of the ground state n + = n − = 0. Our result for the spectrum (57) in the special case B = 0 reproduces results in [12] , which were based on the star-product approach. For the sake of transparency, we write down the first two excited states of the non-commutative harmonic oscillator
As a conclusion we point out that the spectrum displays the effect of noncommutativity not only as a "trivial" frequency modification as in (29), (30), but also as a non-trivial external magnetic field effect described by the parameters θ and B causing energy levels splitting. Our results also clarify, apparently ad hoc choice θ + B = 0 made in [10] , as a simple cancellation of the magnetic effects of non-commutativity and, thus, re-establishing energy levels degeneracy in the magnetic quantum number. Also, we have proven wrong the statement that the symmetric phase exists only for θ + B = 0. In fact, there are two possible commutative representations of the non-commutative harmonic oscillator, that we named isotropic and anisotropic phase, for any value of θ and B. It is legitimate to ask: why are there two different phases of the same system? Since there is no dynamical reason to select between two different phases, nor conditions (11), (12), (13) are restrictive enough to select one or another phase, it is clear that the answer lies in the choice of the ansatz for the diagonal transformation matrices a and c. The choice of different eigenvalues is equivalent to an explicit breaking of spherical symmetry giving anisotropic phase description. It is clearly exhibited in (28). We have proven that different choice of degenerate eigenvalues preserves the spherical symmetry and leads to a previously unknown set of solutions giving an isotropic phase. In this new phase, the effect of non-commutativity is seen as an external magnetic field. For the sake of consistency, we would like to stress previous generally accepted, but inappropriate, use of the term magnetic field while referring only to the non-commutative parameter B. It is now clear that the parameter θ plays the same role as B and, thus, equally deserves the name "magnetic".
